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Abstract 
Conventional acoustic focusing requires an array of actuators or waveguides to 
form a complex wavefront, resulting in a high cost or bulky size. In this paper, an 
original gradient Helmholtz-resonator (HR)-based AMS is presented. The phase shift 
of AMS units can be precisely controlled over the full phase range and continuously 
tuned by varying the slit width. The transmission efficiency of the AMSs is relatively 
high, benefitting from the impedance matching. Several typical situations in acoustic 
focusing with different focusing parameters are realized by the designed AMSs. The 
results of the finite element method (FEM) demonstrate that moving the position of the 
focal point or changing the incident angle can be realized by tuning the slit width 
distribution. A further analysis indicates that the discrete resolution is considerably fine, 
as a result of the suitable deep-subwavelength parameters of the AMS and the high 
accuracy of the phase shift of each unit. The acoustic intensities at the focal point reach 
12.3 to 17.6 times that of the incident plane wave, owing to the high transmission 
efficiency. Due to these significant advantages, the designed gradient HR-based AMS 
is able to offer a tuneable acoustic lens in medical sonography, localized heating, 
nondestructive flaw detection and particle trapping. 
Keywords: acoustic metasurface, acoustic focusing, tuneability, Helmholtz resonator 
1. Introduction 
Acoustic focusing, as one of the essential ways of manipulating acoustic waves, 
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plays an important role not only in diagnostic medical sonography [1] and localized 
heating to treat tumours [2] in medical field, but also in nondestructive flaw detection 
techniques [3, 4] in engineering field. Numerous studies have investigated the ways to 
form an acoustic focusing beam for acoustic trapping [5] and acoustic tweezer [6] in 
recent years. Generally, utilizing piezoelectric transducers (PTs) to actively produce the 
required acoustic field and using a waveguide to passively converge an acoustic wave 
are conventional methods for realizing acoustic focusing. However, it is difficult to 
reduce the bulky size of these transducers and waveguides to a dimension smaller than 
the order of magnitude of the wavelength involved according to the classical acoustic 
theories [7, 8], which presents an obstacle for finer resolutions of acoustic focusing. 
The last decade has witnessed intensive investigations of acoustic metasurface 
(AMS), which stems from the concept of electromagnetic metasurface such as optical 
metalens [9, 10]. The AMSs show the extraordinary properties in acoustic wave 
manipulation such as acoustic self-bending [11], cloaking [12, 13], focusing [14–16], 
perfect absorption [17, 18], sound insulation [19], anomalous refraction [20] and 
anomalous reflection [21–23]. Space-coiling AMSs have attracted much attention for 
acoustic wave manipulation from its good phase control ability and relatively wide 
response frequency bandwidth [14, 24]. Nevertheless, the intrinsic loss of space-coiling 
AMS will be quite large due to the curled and elongated channels, leading to a low 
transmittance coefficient [25–27]. Besides, membrane-type AMSs possess negative 
effective mass density and bulk modulus, which can readily realize a perfect acoustic 
absorber [28]. Helmholtz resonator (HR)-based AMSs, by virtue of the impedance 
matching, have enabled various acoustic manipulations in recent years [11, 16, 25]. The 
original concept of HR-based AMSs formed by periodical daisy-chained HRs linked on 
a duct was proposed by Li et al [11]. Benefitting from Fabry-Pérot resonance in the 
duct coupled with the resonance of HRs, this type of AMSs can achieve relatively high 
energy transmittance. Lan et al [16] designed a kind of HR-based AMSs which 
manipulates acoustic waves by providing desired discrete acoustic velocity distribution, 
and furthermore, by means of varying the slit width of each AMS unit.  
Gradient metasurface was firstly proposed in the electromagnetic field [29, 30], 
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and then the concept of gradient was subsequently introduced to AMSs [16, 24]. 
Numerous researchers who study gradient AMSs rarely take into account the phase 
accuracy since the phase shift distribution (PSD) of the designed AMSs is an 
approximation of the ideal PSD to create required acoustic pressure field. In order to 
reduce the complexity and improve the feasibility of fabrication, a majority of the 
previous gradient AMSs contain only 4 to 8 subunits to cover the 0–2π phase range [11, 
13, 18, 20, 25, 27], which also ensures considerably high transmission efficiency in the 
full phase range. However, these simplifications give rise to high systemic errors which 
can reach up to π/4–π/8 in an actual PSD due to the low number of subunits contained, 
causing the deviation of location of the acoustic focus and the distortion of the acoustic 
pressure field. On the other hand, some studies concentrate on the velocity distributions 
instead of the PSD when designing the acoustic pressure field of anomalous refraction, 
non-diffractive Bessel beam and focusing [15, 16]. Nevertheless, the widths of the 
AMSs in these studies are relatively small so that the full phase range ability is not 
concerned. Several recent studies in which the AMSs are designed with more gradient 
subunits, however, are still unable to cover the full phase range [14, 24]. 
Therefore, there is still an urgent demand for an acoustic lens to achieve acoustic 
focusing with the capabilities of (Ⅰ) high transmission efficiency for gaining a high 
energy amplification factor at a focal point, (Ⅱ) full phase controlling (2π range), (Ⅲ) 
fine discrete resolution along the device and the direction of wave propagation, and (Ⅳ) 
tuneability for different focusing parameters, which means that focusing conditions can 
be controlled by adjusting a certain parameter of the lens instead of replacing the lens 
by another one. Existing acoustic metamaterials (AMMs) [31–35] and aforementioned 
AMSs do not have all of these capabilities. 
In this study, an original gradient HR-based AMS for acoustic focusing which 
possesses the four capabilities mentioned above is proposed for the first time. 
Theoretical analysis and numerical simulation show that the phase shift of AMS units 
can be precisely controlled over the full phase range and continuously tuneable by 
means of varying the slit width. The AMS uses impedance matching in full phase range, 
which ensures the relatively high energy transmittance. Several typical acoustic 
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focusing situations with different focusing parameters are implemented by this type of 
AMSs with a certain distribution of slit width according to generalized Snell’s law. The 
finite element method (FEM) is employed to simulate these focusing conditions. This 
type of AMS provides a new design methodology with excellent performance for 
acoustic focusing applications. 
2. Results and discussions 
First of all, it is necessary to clarify the structure design and properties of the AMS 
elementary unit. The unit of AMS is formed by a parallel one-dimensional daisy-
chained slit with five HRs [cf. Fig. 1(a)] to shape the phase of the wavefront by varying 
the slit width d. The length a and width b of the HR cavity is 7.5 mm and 7.5 mm, 
respectively. The height h and width l of the HR neck is 1 mm and 4.4 mm, respectively. 
The length L of an HR of the AMS is 8.5 mm and the height H of an AMS unit is 9.5 
mm. Besides, the thickness W of the AMS is subwavelength (44 mm). In the schematic 
diagram of the AMS shown in Fig. 1(b), sixty pieces of AMS units are arranged along 
the x-axis, while the acoustic wave propagates in the slits along the y-axis. Assuming 
that the working frequency f is 5000 Hz (λ=68.6 mm in air), other parameters are fixed 
and are in the range corresponding to the deep subwavelength wavelength in air. 
 
Fig. 1. (a) Schematic diagram of the elementary units of the designed AMS. (b) 
Schematic diagram of the designed AMS formed by arranging 60 pieces of AMS units 
with corresponding slit width distribution (this will be introduced later). 
The HR-based AMS is based on adjusting and controlling the effective modulus 
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where 20 0 0E c  is the Young’s modulus of air and F=SHR/Sslit=ab/Ld is a geometrical 
factor. ω0 is the resonant angular frequency of the HR which is given by 
0 HR HR1/ C M   , where 
2
HR 0 0/C ab c   and HR 0 eff /M h l  . The resonant 
frequency of the HR is 0 0 / 2 7013 Hzf    . In consideration of the correction to 
the neck length associated with end effects, heff is the effective length of the neck of the 
HR, which can be expressed as eff 8 / 3h h l    [38]. Γ is the dissipation loss in the 
HR elements. Phase shift ϕ of the incident acoustic wave throughout the AMS could be 
expressed as eff/W c   , where eff eff 0/c E   is the effective velocity of the 
acoustic wave throughout the AMS without dissipation loss [16]. Hence, ϕ could be 
















which shows the relationship between the phase shift ϕ and the slit width d (d > 0) 
shown as the red dashed curve in Fig. 2(a). Based on eq. (2), it can be inferred that the 
slit width d plays the dominant role in determining the value of phase shift ϕ. In order 
to compare our designed AMS with previous study [16] in which the AMS is formed 
by 4 HRs, the ϕ(d) of the 4HRs-AMS is also shown as the red dashed curve in Fig. 2(b). 
The phase shift curve of AMS with 4 HRs cannot cover full phase range within the 
working slit width range [2.3 to 4.5 mm (0.047 ≤ d/λ ≤ 0.092), cf. the grey region in 
Fig. 2(b)]. 
With regard to the resolution of the AMS along the x-axis, the size of the AMS 
unit along the x-axis should be reduced as much as possible. The smaller the size of the 
AMS unit, the smaller d is required. Thus, the slit width from 1.504 to 9.052 mm 
(corresponding to deep subwavelength of 0.022 ≤ d/λ ≤ 0.132) is selected to realize the 
phase shift of AMS units over the range of 2π [cf. the grey region in Fig. 2(a)]. The 
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numerical simulation throughout this paper is carried out by the FEM with commercial 
software COMSOL Multiphysics. The material of AMS is aluminium (ρAl=2700 kg/m
3, 
cAl=6260 m/s), while the background material of the simulation models is air at 20 
degrees Centigrade (ρ0=1.21 kg/m
3, c0=343 m/s). The periphery of the incident and 
transmitted field is surrounded by perfect matched layers (PMLs) to avoid unwanted 
reflection. Air viscosity is ignored in the numerical simulation because the thickness of 
the viscosity boundary layer δvisc is small enough [11]. δvisc can be expressed as 
visc 02 /   , where μ is the dynamic viscosity which is a measure of a fluid’s 
resistance to shearing, ω is the angular frequency and the ρ0 is the equilibrium density. 
In this paper, μ=1.983 × 10-5 Pas, ω=31416 rad/s, and ρ0= 1.21 kg/m
3. Thus, the δvisc 
in our simulation is 2.284 × 10-5 m, which is four orders smaller than the wavelength 
for the simulated sound fields of 5000 Hz (λ=68.6 mm) and is two orders smaller than 
the smallest slit width (dmin=1.5 mm). Besides, the f/f0 in the numerical simulation is 
0.713. The f/f0 in the numerical simulation is far away from the range f/f0 > ca. 0.78 in 
which the influence of resonance causes the transmission efficiency fall sharply to zero 
[this will be discussed below and is shown in Fig. 2(b)]. Thus, the working frequency 
and the resonant frequency are different enough to ignore the air viscosity from 
resonance in this study. 
Transmission efficiency is a key aspect in the design of an AMS for acoustic 
focusing. The value of the slit width d directly influences the interface between the 
AMS unit and the air. It is crucial to keep the impedance matched, which affects the 
transmission efficiency of the AMS. For this reason, the transmission efficiency of the 
AMS unit is checked in the numerical simulation and is shown as the blue solid curve 
in Fig. 2(a), which illustrates the relative high transmission efficiency above 0.8 with d 
varying from 1.504 to 9.052 mm (0.022λ to 0.132λ). The transmission efficiency of the 
4HRs-AMS unit is also shown as the blue curve in Fig. 2(b), which is relative high over 
the working slit width range (0.047 ≤ d/λ ≤ 0.092). To further investigate the frequency 
response of the transmission efficiency, the transmission efficiency as a function of the 
frequency for the AMS units with 16 different slit widths (from 1.5 to 9.0 mm) are 
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shown in Fig. 2(c). The step width of the frequency varying from f0/2 to f0 is 2 Hz for 
the simulation of the energy transmittance of the AMS units with different slit widths. 
The transmission spectra show that the transmission spectra show that the transmission 
efficiency falls sharply to zero at smaller f/f0 as slit width d decreases, owing to the 
influence of resonance. The transmission efficiency is relatively high over a relatively 
broad frequency range (0.60 ≤ f/f0 ≤ 0.73), which indicates that impedance matching 
can be achieved in this frequency range. 
 
Fig. 2. (a) The phase shift ϕ (red dashed curve) and transmission efficiency |pt/pi| (blue 
solid curve) of the designed AMS as a function of the slit width d. (b) The phase shift 
ϕ (red dashed curve) and transmission efficiency |pt/pi| (blue solid curve) of the AMS 
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with 4 HRs as a function of the slit width d. (c) The transmission efficiency as a function 
of the frequency for the AMS units with 16 different slit widths (from 1.5 to 9.0 mm). 
To examine the performance of the designed gradient HR-based AMSs, they are 
used to redirect the wavefront of an acoustic plane wave to focus at a designed focus 
point, which can be subdivided into four cases of focusing parameters. By means of the 
discontinuous local phase shift along the x-axis in the suitable range of deep 
subwavelength, it is easy to shape the wavefront for forming a desired transmission 
field using the designed AMS. According to the generalized Snell’s law, the transmitted 
wave through the AMS with incident angle distribution θi(x) and refraction angle 
distribution θt(x) could be expressed as: [29, 39] 
 
0
1 d ( )







   , (3) 
where 0 0/k c  and ϕ(x) are the wave factor of air and the PSD along the x-axis, 
respectively.  
As shown in Fig. 3, the acoustic plane wave propagates in the direction 
perpendicular to the surface of the gradient AMS and focuses at the designed focal 
length yt of 0.3 m (4.37λ) in the first case, named as AMS-x1-y1. The designed focal 
point is then moved longitudinally to 0.15 m (2.19λ) and transversely to 0.2 m (2.92λ), 
which are named as AMS-x1-y2 and AMS-x2-y1, respectively. For the last case of 
nonzero incident angle [i.e. θi(x)=30 deg] named as AMS-x1-y1-30º. For the four cases, 
sin ( ) sini ix   and 
2 2sin ( ) ( ) / ( )t t t tx x x x x y      , where xt is the transverse 




( ) [ ( ) sin ]t t ix x x y x
c

        , (4) 
where yt and ϕ0 are the focal length and the integration constant of the indefinite integral, 
respectively. The total length of the AMS along the x-axis is less than 0.8 m (11.66λ) 




Fig. 3. Schematic diagram of focus plane wave with gradient HR-based acoustic 
metasurfaces. Note that θi, θt and yt are incident angle, refracted angle and focal length, 
respectively. 
Fig. 4(a) illustrates the PSD over a 0–2π range for the ideal metasurface (grey solid 
line) and the gradient metasurface (red line segments) of AMS-x1-y1 with ϕ0 equal to 
28.786 rad. The distributions of the gradient metasurface are designed using a 
numerical method with eq. (2) and eq. (4), which makes the midpoints of the slits along 
x-axis meet the ideal phase shift desired. Considering that the x positions of the 
midpoints of the slits not only have connections with the slit widths but also have 
functional relations with the phase shifts, the midpoints cannot be obtained by directly 
solving eq. (2) and eq. (4). Thus, we used a numerical method (Newton’s iterative 
method) to calculate the slit width distributions of the designed AMSs. The numerical 
method ensures that the slit widths of our designed AMS equal to those of the ideal 
AMS in terms of PSD [the closeness can be seen in Fig. 4(a)] in the four significant 
figures. It is apparent that the shifted phase of each AMS unit meets the ideal phase 
shift distribution precisely and the corresponding systematic error is quite small, as 
shown in Fig 4(a). The normalized pressure field [cf. Fig. 4(b)] of AMS-x1-y1 reveals 
the phase shift ability to redirect the wavefront towards the focal point. The pressure 
fields around the focal point show clear circular fringes as the pattern of a point source, 
which illustrates the perfect focusing by the designed AMS. The normalized acoustic 
intensity field of AMS-x1-y1 is shown in Fig 4(c). The corresponding full width at half 
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maximum (FWHM) of the acoustic intensity of the focal size is shown at the upper right 
corner. Moreover, the energy amplification factor of the focal point |pfp/pi|
2 is shown 
below the FWHM, where pfp is the pressure at the focal point. It is obvious that AMS-
x1-y1 is capable of focusing the plane acoustic wave into a designed focal point. The 
FWHM of AMS-x1-y1 is 0.517λ which is smaller than one wavelength. Benefitting both 
from the high transmission efficiency and the fine discrete resolution, the acoustic 
intensity at the focal point of AMS-x1-y1 reaches 14.6 times larger than that of the 
incident wave. 
 
Fig. 4. (a) Ideal and actual PSD, (b) normalized pressure field, and (c) normalized 
acoustic intensity field of AMS-x1-y1. The FWHM of the acoustic intensity of the focal 
size and the energy amplification factor of the focal point |pfp/pi|
2 are shown at the upper 
right corner of the corresponding acoustic intensity field. 
For a near-field focusing, Fig. 5(a) exhibits the PSD for the ideal metasurface (grey 
solid line) and the gradient metasurface (red line segments) of AMS-x1-y2 with ϕ0 equal 
to 15.000 rad. The slope of the phase shift curve of AMS-x1-y2 is larger than that of 
AMS-x1-y1, which makes it feasible for ϕ0 to be enlarged to guarantee that the length 
of the AMS remains almost unchanged. The normalized pressure field [cf. Fig. 5(b)] 
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shows that the acoustic plane wave can be focused in the near-field by AMS-x1-y2. The 
normalized acoustic intensity field of AMS-x1-y2 is shown in Fig 5(c) with its FWHM 
and |pfp/pi|
2 at the upper right corner. The FWHM is 0.392λ which is smaller than the 
Rayleigh diffraction limit of 0.5λ. The |pfp/pi|
2 reaches 17.6 and is significantly higher 
than that of AMS-x1-y1 since the acoustic wave attenuate less in near-field. Comparing 
AMS-x1-y2 with AMS-x1-y1, their PSD and ϕ0 are different, while their AMS lengths 
are almost the same. This means that the designed AMS could shift its focal point 
longitudinally by rearranging the distribution of the AMS units according to eq. (2) and 
(4) without replacing the AMS with a new one. 
 
Fig. 5. (a) Ideal and actual PSD, (b) normalized pressure field, and (c) normalized 
acoustic intensity field of AMS-x1-y2. The FWHM of the acoustic intensity of the focal 
size and the energy amplification factor of the focal point |pfp/pi|
2 are shown at the upper 
right corner of the corresponding acoustic intensity field. 
In the case of paraxial acoustic focusing, Fig. 6(a) illustrates the PSD for the ideal 
metasurface (grey solid line) and the gradient metasurface (red line segment) of AMS-
x2-y1 with ϕ0 equal to 34.579 rad. The phase shift curve of AMS-x2-y1 is the transverse 
shift of that of AMS-x1-y1. The normalized pressure field [cf. Fig. 6(b)] indicates that 
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the acoustic plane wave can be focused at a paraxial point by AMS-x2-y1. The 
normalized acoustic intensity field of AMS-x2-y1 is shown in Fig 6(c) with its FWHM 
and |pfp/pi|
2 at the upper right corner. It should be noted that the major-axial direction of 
the elliptical spot at the focal point is not parallel with the y-axis. However, the angular 
bisector of the angle composed of the left end point of the AMS, the focal point and the 
right end point of the AMS. The FWHM is 0.558λ which is slightly larger than that of 
AMS-x1-y1. The |pfp/pi|
2 reaches 13.2 and is slightly lower than that of AMS-x1-y1. 
 
Fig. 6. (a) Ideal and actual PSD, (b) normalized pressure field, and (c) normalized 
acoustic intensity field of AMS-x2-y1. The FWHM of the acoustic intensity of the focal 
size and the energy amplification factor of the focal point |pfp/pi|
2 are shown at the upper 
right corner of the corresponding acoustic intensity field. 
For a plane wave focusing with oblique incidence (θi=30º), Fig. 7(a) shows the 
PSD for the ideal metasurface (grey solid line) and the gradient metasurface (red line 
segments) of AMS-x1-y1-30º with ϕ0 equal to 27.770 rad (a plane wave focusing with 
large oblique incidence angle θi=60º can be found in Supplementary S1). Compared 
with the bilaterally symmetrical PSDs of the other three AMS, the PSD of AMS-x1-y1-
30º is not bilaterally symmetrical about the y-axis at the focal point. The incident angle 
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creates a linear phase difference along the x-axis. The normalized pressure field [cf. Fig. 
7(b)] indicates that the acoustic plane wave can be focused in the near-field by AMS-
x1-y1-30º. The normalized acoustic intensity field of AMS-x1-y1-30º is shown in Fig 
7(c) with its FWHM and |pfp/pi|
2 displayed at the upper right corner. The FWHM is 
0.497λ which is smaller than the Rayleigh diffraction limit of 0.5λ. The |pfp/pi|
2 reaches 
12.3 and is significantly lower than that of AMS-x1-y1. This variation of |pfp/pi|
2 is 
predictable because the actual area where the plane wave impinges on the AMS-x1-y1-
30º is smaller than that of AMS-x1-y1. Furthermore, the ratio of the actual area of AMS 
with incident angle at θi to that of AMS with the normal incidence is cosθi. Similarly, 
the |pfp/pi|
2 of AMS-x1-y1-30º can be derived as: 





ix y x y
p p p p


    
  . (5) 
According to eq. (5), the |pfp/pi|
2 of AMS-x1-y1-30º equals to 12.6, which is close 
enough to 12.3 to the results of the FEM. 
 
Fig. 7. (a) Ideal and actual PSD, (b) normalized pressure field, and (c) normalized 
acoustic intensity field of AMS-x1-y1-30º. The FWHM of the acoustic intensity of the 
focal size and the energy amplification factor of the focal point |pfp/pi|
2 are shown at the 
upper right corner of the corresponding acoustic intensity field. 
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To further examine whether the positions of the focal point created by the 
aforementioned four AMSs accurately locate at the designed point, the transverse and 
longitudinal acoustic intensity distributions are checked and shown in Fig. 8(a, b), 
respectively. The acoustic intensity curves are normalized by pfp of AMS-x1-y2. Fig. 
8(a) demonstrate the deep-subwavelength spatial resolution of the focal point along the 
x-axis. Moreover, the focal points are drawn back slightly due to the attenuation of 
acoustic waves along the y-axis, as shown in Fig. 8(b). However, the acoustic intensities 
at the designed focal points (i.e. at y1 or y2) attenuate less than 2% compared with the 
maximum along the y-axis, respectively. In general, the presented results provide a solid 
confirmation that the designed AMS formed from 60 units with the same structure can 
achieve perfect acoustic focusing performance subdivided into four cases of focusing 
parameters. The AMS with proper PSD is capable of focusing an acoustic plane wave 
at designed spot due to the capabilities of high transmission efficiency, full phase 
control, fine discrete resolution and tuneable structure. 
 
Fig. 8. Normalized acoustic intensity distribution along (m) x-axis and (n) y-axis of the 
AMS-x1-y1, AMS-x1-y2, AMS-x2-y1, and AMS-x1-y1-30º, respectively. The designed 
position of x1, x2, y1, and y2 are indicated by the black short dot. 
As for transmitted acoustic focusing, one of the most important performances is 
the acoustic intensity at the focal point, which is represented as the energy amplification 
factor |pfp/pi|
2 in this paper. There is an inherent restriction to how much |pfp/pi|
2 can be 
increased when the AMS possesses a poor transmission efficiency or some of the AMS 
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units are out of phase. Because HR does not use standing waves to create resonance, 
thus the dimension of each element of an HR can be made to reach subwavelength 
scales [37]. It has been proved that the transmission efficiency of the structure of daisy-
chained slits with five HRs can reach a high level near the resonant frequency as shown 
in Fig 2(a) and 2(b). Owing to the high transmission efficiency and the fine discrete 
resolution of phase shift, the |pfp/pi|
2 of the four aforementioned AMSs in this paper 
reaches 12.3 to 17.6, which are considerably high compared with those in previous 
studies [14, 16]. 
The extent of the energy concentration of the transmitted acoustic focusing can be 
characterized by the transverse FWHM of the acoustic intensity of the focal point. 
Traditional PTs have been extensively used to form ultrasonic arrays for non-
destructive evaluation [7]. However, the focal resolution of the acoustic focusing 
created with traditional PTs is usually low, whose FWHM is much larger than one 
wavelength [8]. All of these FWHM in this paper are smaller than one wavelength, 
which is considerably smaller than the focal size formed by using traditional PTs. It is 
noteworthy that the FWHMs of AMS-x1-y2 and AMS-x1-y1-30º are smaller than the 
Rayleigh diffraction limit of conventional acoustic instruments (0.5λ), which is quite 
close to the FWHM of the focal point created with planar metasurface transducer [8]. 
As a result, the AMS proposed in this paper is likely an alternative way to improve the 
resolution to meet the requirements of high precision acoustic focusing. 
It is common that conventional AMSs in previous studies are composed of several 
units with gradient phase shift performance over a 2π range. In brief, the different 
elementary units are arranged along the x-axis according to the phase profile to 
constitute the designed PSD. However, if the position of the desired focal point needs 
to be changed, there is no choice but to replace the AMS with a new one or to 
simultaneously move the AMS and the acoustic source, which presents an obstacle for 
further applications of AMSs. Here, the designed AMSs in this paper introduce a hybrid 
structure which consist of five HRs and a width-tuneable slit. In an AMS unit, the five 
HRs are constituted by a fixed elementary structure. On the other hand, the slit width is 
tuneable and depends on the distance of the two adjacent elementary structures. In 
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addition, the total widths of the designed AMSs can be kept close to a constant value 
by varying ϕ0 in eq. (4). These characteristics make it feasible for the designed AMS to 
contain only one type of elementary structure and be controlled by adjusting the slit 
width distribution to achieve the desired PSD without replacement or movement of 
AMS (a more detailed explanation can be found in Supplementary S2). The presented 
results show that the tuneable gradient HR-based AMS is an implementation of a 
strategy to design tuneable acoustic lens that will be useful in medical sonography, 
localized heating, nondestructive flaw detection and particle trapping. 
3. Conclusions 
In summary, a gradient HR-based AMS was designed and realized with a series of 
parallel daisy-chained slits with five HRs, which is tuneable to shape an acoustic plane 
wave with different incident angles into different designed focal points by varying the 
slit width between adjacent AMS units. The transmission efficiency of the AMS is 
relatively high, benefitting from the impedance matching. Several typical acoustic 
focusing cases with different focusing parameters are realized by the designed AMS. 
The FEM results of these focusing cases show that moving the position of the focal 
point or changing the incident angle can be implemented with suitable slit width 
distribution according to generalized Snell’s law. Further analysis indicates that the 
discrete resolution is quite fine because of the deep-subwavelength parameters of the 
AMS and the slit width as well as the accuracy of the phase shift of each unit. Acoustic 
intensity at a focal point can reach 12.3 to 17.6 times that of the incident plane wave as 
a result of the high transmission efficiency. As the AMMs and the AMSs in previous 
studies do not possess all these significant advantages, the gradient HR-based AMS 
presented in this paper offers a tuneable acoustic lens that should be useful in medical 
sonography, localized heating, nondestructive flaw detection and particle trapping. 
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